In this paper an algebraic formulation is presented for the boundary workspace of 3-R manipulators in Cartesian Space. It is shown that the cross-section boundary curve can be described by a 16-th order polynomial as function of radial and axial reaches. The cross-section boundary curve and workspace boundary surface are fully cyclic. Geometric singularities of the curve are identified and characterized. Numerical examples are presented to show the usefulness of the proposed investigation and to classify the design characteristics.
Introduction
Workspace and singularity analyses of serial manipulators have been the focus of intense research in past decades. The computation of the workspace and its boundary is of significant interest because of their impact on manipulator design, placement in a working environment, and trajectory planning.
Most of the industrial manipulators are wrist-partitioned, that is a concatenation of a 3-R (Revolute) arm, i.e., regional structure, and a spherical wrist attached to the terminal link of the arm. The workspace analysis of such manipulator can be performed by considering the quaternary, i.e. it may have at most 2 solutions for the IKP, or at most 4 solutions for the IKP (Wenger et al. 2005) .
The presence of cusps and void can be detected by analyzing singular points of the curve describing the boundary. Preliminary analyses of geometric singularities of the cross-section boundary curve have been carried out in , but to the authors' knowledge in the literature there is not an investigation on singular points of the boundary curve for a general 3-R manipulator. A classification of the singularities for a special class of 3-R manipulator is reported in (Wenger et al. 2005 ).
The proposed analysis of geometric singularities of a general 3-R manipulator can provide useful tools in the design stage or use. Singular points of the cross-section curve describing the boundary workspace are named characteristic points.
In this paper a Cartesian representation of the workspace boundary of a general 3-R manipulator is presented. Geometric singularities have been determined and used to classify the workspace boundary of the manipulator, and detect the presence of a void. The curve describing the workspace boundary gives also useful information for characterization in Cartesian Space of the i-solution regions (i=0,2,4) for the IKP. Furthermore, the proposed analysis can be used for design purposes and calculation of the workspace volume of the manipulator.
An Algebraic Formulation for the Workspace Boundary of 3R Manipulators
A general 3-R manipulator is sketched in Fig.1 , in which the kinematic parameters are denoted by the standard Hartenberg and Denavit (H-D) notation. Without loss of generality the base frame is assumed to be coincident with X 1 Y 1 Z 1 frame when θ 1 = 0, a 0 =0 and d 1 =0. End-effector point H is placed on the X 3 axis at a distance a 3 from O 3 , as shown in Fig.1 . The general 3R manipulator is described by the H-D parameters a 1 , a 2 , d 2 , d 3 , α 1 and α 2 , and θ i , for (i = 1,…,3), as shown in Fig.1 . r is the radial distance of point H from the Z 1 -axis and z is the axial reach; both can be expressed as function of H-D parameters.
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Figure1. Kinematic scheme of a 3R manipulator.
The position workspace of the 3R manipulator can be obtained by a θ 1 rotation of the generating torus that is traced by H by full revolution of θ 2 and θ 3 .
Alternatively, the boundary of the position workspace can be determined by considering the envelope surface of the torus family that is traced as function of θ 3 , when a torus of the family is obtained by full revolution of θ 1 and θ 2 , as outlined in (Ceccarelli 1989, and 1996) . In this case, the equation of the workspace boundary of point H can be expressed in the cross-section plane R-Z of the base frame when α 1 ≠0, C≠0 and E≠0, in the form of so-called ring equation (Ceccarelli 1989 (Ceccarelli , 1996 ,
in which A, B, C, D, E, F and G are named as architecture coefficients.
The sign ambiguity in z expression can be solved to give two envelope branches that together 
The cross-section boundary curve f of the 3-R manipulator workspace in R-Z plane can be thought as the envelope of the θ 3 -family curves.
A generating torus of the enveloping θ 3 -family can be expressed as
In order to obtain a closed-form expression in r and z coordinates from the ring equation (1) 
Equation (7) represents the Cartesian expression in R-Z coordinates for the cross-section boundary curve for a general 3-R manipulator. Its expression is function of the H-D parameters through c i and c bj coefficients. This expression can be used to characterize the workspace boundary better than using Eq. (1).
Characteristics of the Cross-Section Boundary Curve
The cross-section boundary curve f in Eq. (7) is fully cyclic and of 16-th degree; it has 2 singular points at infinity with multiplicity 8 each, that are the 2 circle points. A curve that has the imaginary circular points as double, triple, points is said to have circularity 2, 3, (Hunt 1978;  Paper MD 04-1384 Ottaviano Naas at al. 1974) . Therefore, the cross-section boundary curve has circularity 8.
A descriptive proof is reported in Fig.2 , which shows the cross-section boundary curve as an envelope with an inner branch, which may give the boundary of a ring void, and an outer branch, which represents the boundary of the bulk workspace ring.
The boundary surface of the 3R manipulator workspace is fully cyclic too and its degree is 16 yet.
This can be proved since r 2 in Eq. (7) is expressed as (x 2 +y 2 ), in which x and y are components of the position vector of point H with respect to the base frame. Furthermore, f is symmetric with respect to the Z axis. This can be proved since Eq. (7) contains only even powers of r. The degree of the curve does not change under rotation because of its symmetry and partial derivatives.
By analyzing the polynomial expression of Eq. (7), it has been found that the degree of the crosssection boundary curve is lower than 16 iff:
− a 3 =0. The polynomial expression (7) is not valid since the formulation implies that Ε≠0. This occurrence refers to the design case in which the operation point H coincides with the origin O 3 of the X 3 Y 3 Z 3 reference frame. In such case the θ 3 rotation has no effect on the workspace and the ring workspace degenerates in a 2R chain workspace.
− α 1 =0. The polynomial expression (7) is not valid since the formulation implies that α 1 ≠0.
Figure2. A descriptive proof of the 16 th degree of the cross-section boundary.
Paper MD 04-1384 Ottaviano − α 2 =0. This occurrence refers to the design case in which Z 2 and Z 3 axes are parallel. The outcome of a Maple computation is that the cross-section boundary curve is of degree 12.
-a 1 =0. The polynomial expression (7) is not valid since the formulation implies that C≠0.
By analyzing Eq. (8) one can also note that c 8 coefficient, that gives the full degree of the curve, does not depend on a 2 , d 2 and d 3 parameters.
A Classification of the Geometric Singularities
In general, a singularity is a point at which an equation, curve, or surface, becomes degenerate.
Singularities are often also called singular points or geometric singularities (Gibson, 1998) . Functions g, f r , f z , and f w can be useful to fully characterize real geometric singularities in the workspace of the 3R manipulators.
A point D i , whose coordinates are (rd i ,zd i ), is a double point iff Eq. (9) is greater than zero. A point C i , whose coordinates are (rc i ,zc i ), is a cusp iff Eq. (9) is equal to zero. A point A i , whose coordinates are (ra i ,za i ), is an acnode iff Eq. (9) is less than zero.
A condition on Eq. (9) is useful to characterize the cross-section boundary curve and ring void of the workspace of 3R manipulators through the points whose geometrical classification is shown in Fig. 3 .
The relationships between the number of singularities of planar algebraic curves is given by the Pucker's equations (Husty et al. 1997 ) whose counting can be expressed in the form
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Only three of (10) are linearly independent. Equations (10) can give a complete classification of all singular points of the cross-section boundary curve in Eq. (7).
A point D i is an ordinary double point if its pre-image under f consists of two values and the two tangent vectors are non-collinear. Geometrically, the meaning is that in a neighborhood of D i , the curve consists of two transverse branches, as shown in Fig.3a) .
A cusp point C i is a point at which two branches of a curve meet such that the tangents of each branch are equal, as shown in Fig.3b ). An inflection point is a point on a curve at which the sign of the curvature (i.e., the concavity) changes. A bi-tangent is a line that is tangent to a curve at two distinct points. An isolated point on a curve A i , also known as an acnode or hermit point is a point which has no other points in its neighborhood. Furthermore, the cross-section boundary curve, as composed by internal and external branches, can be classified into two classes: with intersecting and non-intersecting branches. For the second class a classification of possible types of ring void has been presented in a preliminary view in (Ottaviano et al., 1999) , in which it has been pointed out the presence and importance of double points in the cross-section boundary curve. Examples in Fig. 3 
Numerical examples
Numerical examples are reported to show most significant cases in the classification of In Fig.6 the workspace boundary of a cuspidal manipulator is shown. [6.68, 3.56] . It can be proved that C 1 and C 2 are cusps, since by evaluating g at those points it has values equal to zero. Point D 1 is a double point since it has g greater than zero. 
Conclusion
An algebraic formulation has been presented for a Cartesian representation of the workspace boundary of a general 3-R manipulator. In particular, with the formulation derived in this paper it is possible to apply the vast geometric literature on algebraic curves to workspace analysis. It has been found that the cross-section boundary curve and boundary surface are of 16-th degree and fully cyclic. Furthermore, a formulation has been presented to identify all geometric singularities of the cross-section boundary curve. Geometric singularities of the cross-section boundary curve are identified as double points, cusps and acnodes, and classified as delimiting ring void and 4-solution regions. Numerical examples have been presented to outline the practical feasibility of the proposed formulation but mainly for a characterization of the manifolds for the inner branch of the workspace boundary envelope. In particular, it is possible to characterize the workspace by analyzing inner braches delimiting 2-solution regions and 4-solution regions for the IKP.
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